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Abstract
Topological indices have opened up doors for better studies in structural chemistry and biology. In this paper, we
compute the Reduced first Zagreb index, Reduced second Zagreb index and hyper-Zagreb index of four new graph
operations based on tensor product.
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I.  INTRODUCTION

We have only taken up graphs that are finite, simple, undirected and connected in this paper. The vertex set and edge
set of a graph G have been denoted as V(G ) and E (G ) respectively. We use & (1) to represent the degree of a

vertex 1 in .

The topological indices are numerical values which are linked to a graph structure. In modeling information of
molecules in structural chemistry and biology, they have been found to be of sublime advantage. They aid in
quantifying the respective graph’s molecular structuring and branching pattern as a consequence of setting up a
correlation of chemical structure with various physical, chemical and biological properties of the graph.

During the last few decades, topological indices have drawn the attention of researchers because of the relative ease
of generation and the speed with which these computations can be completed. The computation of an index for
various operations of graphs can greatly aid in determining the value of that index for complex graph structures.
This throws light upon the importance of these indices.

Numerous topological indices have been proposed and studied over the years based on vertex-degree, eccentricity,
distance, etc. One may refer to [2] for a deeper insight into some degree-based topological indices. However, only
some of them have been found to have broader applications.

The Zagreb indices can be considered to be historically the first degree-based topological index which came into
picture during the study of total z-electron energy of alternant hydrocarbons by Gutman and Trinajsti¢ in 1972 [1].
But they were placed in the niche of topological indices much later. This delay was mostly due to their completely
different purpose of utility.

We now state the formal definitions of some of these indices (descriptors) that we have used in our study.
The first Zagreb index, second Zagreb index [2], forgotten topological index [11] , the hyper-Zagreb index [12], the
Reduced first Zagreb index [13] and Reduced second Zagreb index [14] of a graph are defined as follows.

M@= ) = ) (de(w) +ds(@),
ueViE) ueV (&)
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M,(G) = Z de(u)d(v),
ureE(G)
M@= ) dw= ) (W +dEM)
ueviG) ureE(E)
HZ(O)= ) (de(w +d;()’
ureE(G)
RM,(6)= ) (ds(w)— 1)
ueV(z)
RM(6)= ' (de(w) = D(ds(v) — 1)
:wEE':G}

The generalized Zagreb index of a graph G, denoted by M (G ), is given as:

MO = ) dE@= ) (dEw@+dEw),
ueViG) ureE(G)
where & = 0, 1.

Significant research works based on topological indices of graph operations have come to light during the last few
decades. Eliasi and Taeri [3] determine the Wiener index four new sums of graphs. Sarkar, De and Pal [6] study the
Zagreb indices of graphs based on new operations related to the join of graphs. Akhter, Imran [5] compute the
forgotten topological index of four operations of graphs. Imran, Baby, Siddiqui and Shafiq [9] determine the lower
and upper bounds for general Randié¢, general sum-connectivity and harmonic indices for tensor product of certain
graph operations on graphs. Shwetha et al. [4] derives expressions for the harmonic index for the join, corona
product, Cartesian product, composition and symmetric difference of graphs. Onagh [10] came up with the harmonic
index of edge-semitotal graphs, total graphs and their related sums.

The tensor product of two graphs G; and G,, denoted by G; & G, is a operation on graphs. The tensor product
generates a graph with vertex set (G;) X V(G,) , where “X” denotes the Cartesian product of sets and two
vertices (uy, v,) and (u,,v,) in G; @ G, is connected if and only if @, is connected to w5 and ¥y is
connected to ¥;.

In this paper, we redefine (for the sake of completeness of the paper) the new graph operation which was defined in
[7] and establish explicit formulae for the Reduced first Zagreb index, Reduced second Zagreb index and the hyper-
Zagreb index of the new operation. The rest of the paper is organized as follows: In section 2, we restate the new
graph operation and some preliminary results are given. In section 3, expressions for the Reduced first Zagreb index,
Reduced second Zagreb index and the hyper-Zagreb index of the new operation are computed. In section 4,
conclusions are made.

I1.  NEW F-SUMS OF GRAPHS

Let F ={5,Q,R and T}, where 5,Q,R and T stands for the Subdivision graph, Vertex-semitotal graph,

Edge-semitotal graph and Total graph respectively. Details of these four derived graphs may be found in [3]. For
any two simple connected graphs G; and G, a new graph operation G; &z G;has been defined in [7]. This
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operation is defined as: G; @y G, = F(G,) @ G, i.e. G; @5 G, is the tensor product of F(G, ) andG,. The
vertex set and the edge set of the new operation are given as:

V(G ®: G,) =V(G,)VE(G,)VUVI(G,) and

E(G, ®F Gy) = {(uy,vy) (ug,vy) lugu, € E[F(Gﬂ)‘;md v, € E(G,)}

In this paper, we propose explicit expressions for the Reduced first Zagreb index, Reduced second Zagreb index and
the hyper-Zagreb index for four new operations based on the Tensor product of graphs.

Lemma 2.1: [7] Let &y and G5 be two graphs. Then,
i

S N CACLAO if a€V(Gy)
6. ®s, (a.b) = 26, (b) if a€V(S(6))\ V(Gy).
S ' - (206, (@36, (b) if a€V(Gy)
685, (@ 0) = 26, (b) if a€V(R(6))\V(G,).
. ' . 8¢, (a)bs, (b))  if a€V(Gy)
G, BgG, (a.b) = ('SG._ (w) + dg, (Wr])ﬁ% (b) if a€ V[Q[GI:]) \V(Gy),

where in the second case a is inserted inww' € E(G, ).

" 26.,()8,,(b)  if a€V(G,)
bc, 816, (@b) = [(SGL(W] + agl(wfjja*%(bj if aeV(T(G))\V(Gy),

where in the second case a is inserted inww' € E(G,).

Theorem 2.2: [7] Let G; and G, be two simple finite graphs with |E’[51]| = 4. Then, we have the following
results for the first Zagreb index.

a. M,(G; ®; G,) = M (G)M,(G,) + 4m; M, (G,).

b. Mi(G ®g G,) = 4M,(G,)M,(G,) + 4m M, (G,).

C. Mi[Gi ®q G:) = (M(Gy) + 2M,(Gy) + M3(Gy))M,(G,).
d. M,(G, ®g G,) = (4M,(Gy) + 2M,(G,) + M5 (6,))M, (G,).

Theorem 2.3: [7] Let &, and G5 be simple connected undirected graphs. Then, the second Zagreb indices of
Gy @5 G, are given as below:

i My(G, ®;G,) = 4M, (G, ) M,(G,).

i. M,(G, @5 G,) = 8(M(G,) + M,(G,))M,(G,).

iii.

My(6; ®g Gy) = [2M5(Gy) + M3 (6,) + Mo (Gy) +2 Vo' 8, (W), (W)

waw V[ G._}
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¥2 )" (85,0) > 8¢, (W)]M,(Gy),
w'evis,) weV (G, Jet. ww' E(G,)

where ¥,,..* is the number of common neighbors of w and w' in G,.

iv.
M, (Gi ®r sz = [14‘”2 (Gij + 3M, (51] + M4[G1J + 2{ Yo' 5{:._(‘”]55._ (WJ]
W EV':G._}
+ > (8,0) > 8, W))IM,(G),
w'evis,) wev (G, st ww' eE(G,)

where ¥,,..* is the number of common neighbors of w and w' in G,.

Theorem 2.4: [7] Let G, and G, be simple connected undirected graphs. Then, the forgotten index of G; &z G,
are given as below:

a. M, (Gl R G:] = ( My [Gl:] + 8m, )M, [:G::].

b. M;(G, @5 G,) = 8(M3(6,) +my)M;(G,).

M3(6y ®g G2) =

[Ma (G1) + My(Gy) + 3 Xnieris) 86, W)dg, (w') (5.5._(%’} + 5.;._(“’“])] M3(G,).
M ":'51 @I‘ Gz} =

[SME (G1) + My(Gy) + 3 Bunwresie) 6c, (Wldg, (w') {5.5._ (w) + g, (Wf})] M3(G).

1. MAIN RESULTS

In this section, we deduce the expressions for the Reduced first Zagreb index, Reduced second Zagreb index and the
hyper-Zagreb index of the new graphs. We use the expression for the difference of the Zagreb indices and
proposition 2 from [13] to establish theorems 3.1 to 3.8. To establish theorems 3.9 to 3.12 we use

HZ(G)= M;(G) + 2M,(G) from [12].

Theorem 3.1: Let G,; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.

Then,
RM,(G, ®; G,) = M,(G,)M,(G,) + 4m,;M,(G,) + (m; + ny)n, — 16m,;m,.

Theorem 3.2: Let G,; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.
Then,
RM,(G, @y G;) = 4M,(G,)M,(G,) + 4m, M, (G;) + (my + ny)n, — 24m m,.

Theorem 3.3: Let G,; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.
Then,
RMi[Gi {8'@ G:) = {M;(G,) + 2M,(G,) M, (G,) + (my + ny)n, — {8my + 4M, (G,)Im,.

Theorem 3.4: Let G,; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.
Then,
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RM,(G, ®;G,) = {4M,(G,) + M;(G,) + 2M,(G,)IM,(G,) + (my + ny)n, — {16m, +
4M,(G,)}m,.

Theorem 3.5: Let G,; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.
Then,
RM, [Gl R ’G::] = Ml[Glj{dl-M:(G::] - Ml(sz}_ 4m1M1(sz + 4mym,.

Theorem 3.6: Let G,; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.

i
Then,
RM: (Gl ®R G:} = 4‘M1(G1}{2M2 (G:} - M:L(G:}} + 4"”‘11M1(G:} + BME (GI}ME{GE} + Emlmz.

Theorem 3.7: Let G,; i=1,2 be a simple connected undirected graph with [V (G;}| = n; and |E(G,)| = m,.
Then,
RM, (G, ®q G,) = {2M,(6,) + M;3(6)HM,(G,) — My(G,)} + [M4(Gy)
+2 Yoo 8, (W), (W)
ww EV':G._}
2 ) (6on) Y e mIm(6)
w' eViE, ) weV(G,) stww €E(G,)
—M, (G, )M, (G,) + {2my + M,(G,)}m,.
Where ¥,,.,," is the number common neighbor of w and w' in V(G,).

Theorem 3.8: : Let G;; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.
Then,
RM,(G, ®; G,) = 2M, (G ){7TM,(G,)M,(G,) — M,(G,)} + M,;(G,){3M,(G,) — M,(G,)}

+ (M (G + 2 Yuew' O, (W)EG._(Wf]

waw V(G )

+2 Z (5,;;(ij} Z 8, (w)l M,(G,)
w'ev(s,) weViE, ) s.eww €E(G, )
_4M1(G1)M1[G:) + {4'”’11 + M1(E1]}7n:-

Where ¥,,.,, is the number common neighbor of w and w' in V(G,).
Proof of theorem 3.8:
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RM,(G, @1 Gy) = My(Gy ®1 G,) — My(Gy ®1 Gy) +{4my + M, (G,)}m,

= [14M,(G,) + 3M;(G,) + M,(G,)

+12 Z Vorss 8, (W), (W)

w,w-'EV':G._}
+2 Z (51'_:._ (Wf]} Z SG._(W]} M,(G,)
w'ev(s,) weViE, ) s.eww €E(G, )

- {4M1(E1J + 2M, [51:] + Ma((;lj}M1(GEJ + {4m1 + Ml[:Glj}Tnz
= 2M, (G T M, (G )M, (Gy) — My (Gy)} + M3 (G ){3M,(G,) — My (Gy))

+ | M4 (Gy)

+12 Z Vorss 8, (W), (W)

wwr eV (G, )
+2 Z (55._ [:Wf:]} Z SG._[:W:]} M,(G,)
w'ev(s,) weV(G, ) seww €E(G,)

— aM, (G, )M, (G,) + {4m, + M,(G,)}m,.0

Theorem 3.9: Let G,; i=1,2 be a simple connected undirected graph with |V (G;)| = n; and |E(G,)| = m,.
Then,
HZ(Gl R G:j = SMl(GleE (G:j + {Ma (Glj + Sml}ME (G:j-

Theorem 3.10: Let G;; i=1,2 be a simple connected undirected graph with |V (G}| = n; and |E(G,)| = m,.
Then,
HZI(G, @5 G,) = 16{M,(G,) + M,(G,)IM,(G,) + 8{M,(G,) + m,1M;(G,).

Theorem 3.11: Let &;; i=1,2 be a simple connected undirected graph with IL’[Gijl =mn; and |E.’(Gi-]| =m,;.
Then,
HZ(G; ®q G,) = {M3(6y) + My(G)}IM5(G,) + 2{2M,(Gy) + M;(Gy) + M,(G,)IM,(G,)

6 Y 0 (00, ) (0,00 + 0, (w0)

ww EE':G._:I
+a6) ) (3,0) ) g
w' evic,) weV (6, ) s.eww €E(6,)
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Theorem 3.12: Let G, ; i=1,2 be a simple connected undirected graph with |V (G,)| = n, and |E(G;)| = m,.
Then,

HZ(G, ®1G,) ={8M;(G,) + M,(G,)IM,(G,) + 2M,(G,){14M,(G,) + 3M;(G,)

+M,(G,)3M,(G,) + 3M;3(G,) Gc, (w) dc, [ertgsi (w) + G, (w'))

ww 2E( G._:I

+4 y SG‘_(W:]ﬁG‘_(W":]

wow EVIG,)

s Y (6eo) 5 5’51(14;]}4'1-1':[52].

w' evis,) weV(s,) s.eww' eE(5,)

Where ¥, is the number common neighbor of w and w' in V (G, ).
Proof of theorem 3.12:
HZ(G, ®; G,) = M;(6, @ G,) + 2M,(G, @ G,)

= 18M,(G,) + M,(6,) +3 86, (WIS, (W) (86, (w) + 85, (w') ) t My (6,)

ww EE(5,)

+ 2 |14M,(G,) + 3M,(G,) + M,(G,)

+42 y 5GL(W:]SG‘_(W":]

waw V(G )

+2 Z (5.::._(“”3'}2 Z 56._(“’)} M,(6;)

w'evie,) weV(G, ) st €E(E, )

= (8M,(G,) + M,(G))}My(G,)
+ 3M,(G,) Z 8¢, ()85, (w") (85, (w) + 85, (w")

wWw EE':G._]I

+ 2M,(G,){14M,(G,) + 3M;(G,) + M, (G,)}IM,(G,)

+ 4 y 5G:(W:]SG:(Wf:]

waw VI G._}

+ Z (&g._(wfj): Z 5.5._(1‘1’:]}4'1'?':[52].[!

w' evieG,) weV(6,) stww €E(5,)
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IV. CONCLUSION

In this communication, we determine explicit expressions for the Reduced first Zagreb index, Reduced second
Zagreb index and the hyper-Zagreb index of four new operations based on the tensor product of graphs. It will be
interesting to compute newer topological indices based on this new operation of graphs.
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